Abstract. Suppose that P(z) a n d P(z) are two r n matrices over the Laurent polynomial ring R z], where r < n, which satisfy the identity P(z)P(z) = I r on the unit circle T. We develop an algorithm that produces two n n matrices Q(z) andQ(z) o ver R z], satisfying the identity Q(z)Q(z) = I n on T, s u c h that the submatrices formed by the rst r rows of Q(z) a n d Q(z) are P(z) andP (z) respectively. Our algorithm is used to construct compactly supported biorthogonal multiwavelets from multiresolutions generated by u n i v ariate compactly supported biorthogonal scaling functions with an arbitrary dilation parameter m 2 Z, where m > 1.
Introduction
This paper presents an algorithmic approach to the construction of compactly supported biorthogonal multiwavelets from multiresolutions generated by univariate compactly supported biorthogonal scaling functions with an arbitrary dilation parameter m 2 Z, where m > 1. In practice, biorthogonal wavelets and multiwavelets are of interest because they can bereal, compactly supported, continuous and symmetric even for dilation as small as m = 2. (It is not possible for an orthonormal wavelet with dilation m = 2 to have all these properties simultaneously.) It is well known that using a simple manipulation, a pair of biorthogonal wavelets can be obtained from the multiresolutions generated by a pair of biorthogonal scaling functions with dilation m = 2 . However, no general procedure for obtaining biorthogonal multiwavelets from multiresolutions generated by biorthogonal scaling functions with arbitrary dilation m > 1 is available so far.
The construction of biorthogonal multiwavelets from the multiresolutions generated by two sets of compactly supported scaling functions that are biorthogonal can bereduced to the problem of extending two matrices with Laurent polynomial entries. This problem is more complicated than the corresponding matrix extension problems for the construction of orthonormal multiwavelets and prewavelets which only involve the extension of one matrix. The matrix extension problems corresponding to the construction of orthonormal multiwavelets and prewavelets have b e e n w ell studied. In fact, 2] provides practical algorithms for the solution of these problems. However, it should be mentioned that matrix extension is not the only method of constructing multiwavelets from multiresolutions generated by scaling functions. In speci c cases, using special properties of the scaling functions involved, it is possible to obtain multiwavelets through more direct approaches. For instance, see 1].
In this paper, we give a constructive solution of the matrix extension problem for the construction of biorthogonal multiwavelets, and our solution is easily implementable in the computer. Let R z] denote the ring of univariate Laurent polynomials over the complex eld, and let T denote the unit circle in the complex plane. The matrix extension problem that we are concerned with is as follows. Consider two r n matrices P(z) andP (z) over R z], where r < n, satisfying the identity P(z)P(z) = I r on T. Can we nd two n n matrices Q(z) andQ(z) over R z], which satisfy Q(z)Q(z) = I n on T, such that the submatrices formed by the rst r rows of Q(z) andQ(z) are P(z) andP (z) respectively? We shall show that the answer to this question is always a rmative and the matrices Q(z) andQ(z) are extensions of P(z) andP(z) respectively.
First, let us see how the construction of biorthogonal multiwavelets from the multiresolutions generated by two sets of scaling functions that are biorthogonal can be reduced to the above matrix extension problem. Suppose that i and~ i , i = 1 : : : r , are compactly supported functions in L 2 (R), the space of square-integrable measurable functions over the real line. Let V 0 andṼ 0 be the closed subspaces generated by the integer shifts of i and~ i , i = 1 : : : r , respectively: The biorthogonality condition (1.3) implies that P(z)P(z) = I r z 2 T:
In Section 2, we develop an algorithm to nd two mr mr matrices Q(z) and Q(z), which are extensions of P(z) a n d P(z) respectively, satisfying It should bementioned that in the special case where~ i = i , i = 1 : : : r , and f i ( ; k) : k 2 Z i = 1 : : : r g is an orthonormal basis of V 0 , our algorithm reduces to the paraunitary matrix extension in 2].
In Section 3 of the paper, we apply our algorithm to obtain biorthogonal multiwavelets based on the biorthogonal scaling functions constructed in 3]. Explicit values for the entries of the matrices G(k) = ( g ij (k)) andG(k) = ( g ij (k)), k 2 Z, are provided, together with the graphs of the scaling functions and multiwavelets.
Main results
For any two column vectors x = ( x 1 : : : x n ) T , y = ( y 1 : : : y n ) T 2 C n , the inner product of x and y is given by
We denote the group of invertible n n complex matrices by GL n (C ) and the ring of n n matrices over R z] by M n (R z]).
Lemma 2.1. Let v ṽ 2 C n be nonzero column vectors, where n 2. With A(z) andÃ(z) as in (2.7), if ha N 1 ãÑ 1 i 6 = 0, then it follows from Lemma 2.2 that there exist matrices F 1 (z) F 1 (z) 2 (1) i z i (2.14)
we h a ve a K ) 1 , the rst component of a (1) K , is nonzero, or (a (1) i ) 1 is zero for every i = N 1 : : : N 2 .
First, suppose that K is an integer, where N 1 < K N 2 , such that (a (1) K ) 1 = 6 = 0 and (a (1) i ) 1 Next, suppose that (a (1) i ) 1 = 0 f o r e v ery i = N 1 : : : N 2 , where a (1) i is as in (2.14). Then consider the (n ; 1) 1 matrices B(z) andB(z) formed by the last (n ; 1) rows of S 1 A(z) andS 1Ã (z) respectively. More precisely, let B(z) = By the induction hypothesis, there exist (n ; 1) (n ; 1) matrices T 0 (z) T 0 (z) 2 M n;1 (R z]) such that T 0 (z)B(z) =T 0 (z)B(z) = (1 0 : : : 0) T andT 0 (z) T 0 (z) = I n;1 for all z 2 T. Now, de ne
Then T 1 (z)S 1 A(z) = e 2 on T, and hence, d(T 1 S 1 A) = 0. In addition, a simple calculation shows that (T 1 (z)S 1 ) (T 1 (z)S 1 ) = I n for all z 2 T. In all the above cases, we can nd matrices F 1 (z) F 1 (z) 2 M n (R z]) such that F 1 (z) F 1 (z) = I n which leads to hF 1 give t h e desired result.
The main steps of the algorithm described in the above proofcanbesummarized as follows. For n 2, given two n 1 matrices A(z) andÃ(z) of the form (2.7) satisfying (2.8), we seek two n n matrices C(z) andC(z) in M n (R z]) such that (2.9) and (2.10) hold.
Step 1: For n = 2 , C(z) andC(z) are given by (2.13).
Step 2: For n 3, construct two matrices F 1 (z) andF 1 (1) i (z) andÃ (1) i (z), i = 2 : : : r , are (n ; 1) 1 matrices over R z] satisfying hA (1) i (z) Ã (1) j (z)i = i j on T for i j = 2 : : : r . Next, suppose that for k < r , there exist matrices Q i (z) a n d Q i (z), i = 1 : : : k ;1, in M n (R z]) such that 
